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E-mail address: zouwn@ncu.edu.cn (W.-N. Zou).Eshelby’s problem of piezoelectric inclusions arises sometimes in exploiting the electromechanical cou-
pling effect in piezoelectric media. For example, it intervenes in the nanostructure design of strained
semiconductor devices involving strain-induced quantum dot (QD) and quantum wire (QWR) growth.
Using the extended Stroh formalism, the present work gives a general analytical solution for Eshelby’s
problem of two-dimensional arbitrarily shaped piezoelectric inclusions. The key step toward obtaining
this general solution is the derivation of a simple and compact boundary integral expression for the
eigenfunctions in the extended Stroh formalism applied to Eshelby’s problem. The simplicity and com-
pactness of the boundary integral expression derived make it much less difﬁcult to analytically tackle
Eshelby’s piezoelectric problem for a large variety of non-elliptical inclusions. In the present work, expli-
cit analytical solutions are obtained and detailed for all polygonal inclusions and for the inclusions char-
acterized by Jordan’s curves and Laurent’s polynomials. By considering the piezoelectric material GaAs
(110), the analytical solutions provided are illustrated numerically to verify the coincidence between dif-
ferent expressions, and to clarify the jump across the boundary of the inclusion and the singularity
around the corner of the inclusion.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Many semiconductor materials are piezoelectric. The coupling
effect between mechanical and electric ﬁelds has an important
contribution to the electronic and optical properties of semicon-
ductor materials (Pan, 2002a,b). Piezoelectric materials have been
widely used as sensors and actuators in intelligent advanced struc-
tures. For example, a crucial factor in the study of strained semi-
conductor quantum devices is the strain-induced quantum dot
(QD) and quantum wire (QWR) growth (see, e.g., O’Reilly and
Adams, 1994; Nishi et al., 1994; Gosling and Willis, 1995; Park
and Chuang, 1998; Davies, 1998; Andreev et al., 1999; Faux and
Pearson, 2000; Freund, 2000; Pearson and Faux, 2000; Pan and
Yang, 2003; Pan et al., 2005). Along with considerable attention at-
tracted by piezoelectric materials, suitable mathematical modeling
becomes important to studying electromechanical behaviors. In
particular, Green’s function technique has been developed both
for the three-dimensional (3D) case (Wang, 1992; Dunn and Taya,
1993; Dunn and Wienecke, 1997; Huang and Kuo, 1997;
Kuvshinov, 2008) and for the two-dimensional (2D) case (Ting,
1996; Lu and Williams, 1998; Pan, 2002c). For 2D piezoelectricll rights reserved.
bile: 15970409286.materials, another remarkable technique is the extended Stroh for-
malism. Because of its preservation of most essential features of
the Stroh formalism, the extended Stroh formalism acts as a very
powerful tool for the study of piezoelectricity (Ting, 1996; Yin,
2005; Hwu, 2008). Note that the classical Stroh formalism has also
extended to solve some three-dimensional anisotropic problems
(Wu, 1998; Barber and Ting, 2007).
Eshelby’s piezoelectric inclusion problem includes the well-
known Eshelby’s elastic inclusion problem as a particular one
(Eshelby, 1957), corresponding to an inﬁnite homogeneous piezo-
electric medium containing a subdomainx, called an electroelastic
inclusion, over which a uniform eigenstrain and/or eigenelectric
ﬁeld is prescibed (see, e.g., Wang, 1992; Ru, 2000; Pan, 2004). It
is known that Eshelby’s elastic inclusion problem is of prominent
importance to a large variety of mechanical and physical phenom-
ena and plays an important role in particular in micromechanics
(see, e.g., Willis, 1981; Mura, 1982; Nemat-Nasser and Hori,
1993). So does Eshelby’s piezoelectric inclusion problem for piezo-
electric materials. Recently, we have obtained explicit analytical
solutions to Eshelby’s isotropic elastic and anisotropic thermal
inclusion problems for a wide variety of non-elliptical inclusions
(Zou et al., 2010a,b). For Eshelby’s piezoelectric inclusion problem,
most of the existing analytical studies concern elliptical/ellipsoidal
shapes (Wang, 1992; Liang et al., 1995; Chung and Ting, 1996;
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Fig. 1. An illustrative inclusionx, its inner point z, boundary point y, and increasing
direction of dy.
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2003) and only a few ones are dedicated to non-elliptical inclu-
sions (Ru, 2000, 2003; Wang and Shen, 2003; Pan, 2004).
In the work of Ru (2000), use was made of the conformal map-
ping which maps the exterior of a unit circle to the exterior of an
inclusion. In the one of Pan (2004), Green’s function method was
adopted. The objective of the present work is to go further in ana-
lytically solving Eshelby’s problem of 2D arbitrarily shaped piezo-
electric inclusions by applying the extended Stroh formalism
which have been proven to be powerful in treating 2D anisotropic
problems. The key step is the presentation of a boundary integral
expression for the eigenfunctions. The simplicity and compactness
of the boundary integral formula derived make it much less difﬁ-
cult to analytically tackle Eshelby’s piezoelectric problem for a
large variety of non-elliptical inclusions. In the present work, expli-
cit analytical solutions are obtained and detailed for all polygonal
inclusions and the inclusions characterized by Laurent polynomials
and Jordan curves. These results include those reported by Ru
(2000) and Pan (2004) as the particular ones.
The paper is structured as follows. In Section 2, we apply the
extended Stroh formalism to Eshelby’s piezoelectric inclusion
problem and derive a simple and compact boundary integral
expression for the relevant eigenfunctions. The general expressions
for Eshelby’s tensor and its average over the inclusion are then
provided. Section 3 is dedicated to obtaining explicit analytical
solutions for all polygonal inclusions. In Section 4, analytical solu-
tions for the inclusions with smooth boundaries, say characterized
by Laurent polynomials and Jordan curves, are presented. By
numerically analyzing the solutions of inclusions of different
shapes embedded in the piezoelectric material GaAs (110), in Sec-
tion 5, we test the validity of expansion solution for inclusions
characterized by Laurent’s polynomials, and certify and compare
our solutions in different expressions by describing a square with
different curves, and in Section 6, the ﬁelds of regular crux inclu-
sion are shown, and singularities around vertices and jumps across
boundaries are illustrated and discussed throretically. A few con-
cluding remarks are given in Section 7. The elements of the ex-
tended Stroh formalism for piezoelectricity are presented in
Appendix A; Appendix B gives a proof of equivalency between
our solutions and that from Green’s function method.
2. General solution to Eshelby’s piezoelectric inclusion problem
2.1. General integral expressions for the eigenfunctions
Basing on the extended Stroh formalism for piezoelectricity (see
Appendix A), we further use the following matrix notations
rp ¼ ½r1p;r2p;r3p;DpT ; ep ¼ ½e1p; e2p; e3p;0:5EpT ; p ¼ 1;2 ð1Þ
and
f 0 ¼ f 01ðz1Þ; f 02ðz2Þ; f 03ðz3Þ; f 04 z4ð Þ
 T
; ð2Þ
where f 0I ðzIÞ; I ¼ 1;2;3;4 are the derivatives of eigenfunctions fI(zI)
with respect to zI, and the diagonal matrix composed of four ele-
ments, say {p1,p2,p3,p4}, are denoted by hp⁄i.
LetX be the x1  x2 plane made of a homogeneous piezoelectric
medium and containing a subdomain, say x, which undergoes a
uniform eigenstrain and a uniform eigenelectric ﬁeld. Letx denote
the supplement ofx to the x1  x2 plane,C = @x the curve separat-
ing x and x (Fig. 1), with x and x being deﬁned as open sets.
Throughout this paper, we indicate the quantities in x and x with
the subscripts + and , respectively. By u⁄, we symbolize the addi-
tional displacement and electric ﬁelds in x induced by the eigen-
strain e⁄ and eigenelectric ﬁelds E⁄, namelyu ¼
e11x1 þ e12x2
e22x2 þ e12x1
2e13x1 þ 2e23x2
 E1x1 þ E2x2
 
0BBB@
1CCCA; ð3Þ
where e11; e12; e22
 
are the in-plane eigenstrains, e13; e23
 
the anti-
plane eigenstrains, and E1; E

2
 
the eigenelectric ﬁeld. It is conve-
nient to introduce a diagonal matrix
L ¼ h1;1;2;2i ð4Þ
and notation
~ep ¼ Lep; p ¼ 1;2: ð5Þ
Let {ui,/} be the elastic displacement and electrical potential ﬁelds
caused by the eigenstrains and eigenelectric ﬁeld, n the unit normal
on the boundary C toward from x to x. The continuity conditions
for the displacement and traction vectors across the boundary are
ui ¼ uþi þ ui ; njrij ¼ njrþij : ð6Þ
The continuity ones for the tangential electric ﬁeld and normal elec-
tric displacement read
n E ¼ n ðEþ þ EÞ; n  D ¼ n  Dþ: ð7Þ
As illustrated in Fig. 1, the increasing direction of dy is to keep x on
the left-hand side as the Cartesian coordinate system is counter-
clockwise orientated. This implies
n1ds ¼ dx2; n2ds ¼ dx1; ð8Þ
where ds is an inﬁnitesimal arc length element at the boundary
point (x1,x2). Substituting (123), (8) and E1 = /,1, E2 = /,2 into
(6) and (7) deliver
d
ds
wI  wþI
  ¼ 0 with I ¼ 1;2;3;4; d
ds
ð/  /þ  /Þ ¼ 0:
ð9Þ
According to the continuity of the relevant qualities, we must have
wI ¼ wþI with I ¼ 1;2;3;4; / ¼ /þ þ /: ð10Þ
Combining (10) and (6)1 gives the equivalent conditions of the gen-
eralized displacement and stress function across the interface:
uðyÞ ¼ uþðyÞ þ uðyÞ; wðyÞ ¼ wþðyÞ; ð11Þ
where y = x1 + ix2 2 C.
Accounting for the general solution (120) of extended Srroh for-
malism, the continuity condition (11) can be expressed by
AfðyÞ þ AfðyÞ ¼ AfþðyÞ þ AfþðyÞ þ u
BfðyÞ þ BfðyÞ ¼ BfþðyÞ þ BfþðyÞ
)
; ð12Þ
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plying the two conditions of (12) by BT and AT, respectively, and
adding the resulting equations, we obtain
fðyÞ ¼ fþðyÞ þ BTuðyÞ; y 2 C; ð13Þ
where use is made of the orthogonality relation (see Chung and
Ting, 1996)
BT AT
BT AT
" #
A A
B B
" #
¼ A A
B B
" #
BT AT
BT AT
" #
¼ 1 0
0 1
 
ð14Þ
with 1 being the 4  4 identity matrix.
Since fI(zI)(I = 1,2,3,4) are four functions which are sectionally
analytic with respect to zI in the entire complex plane except for
C, it is helpful to write BTu⁄(y) as functions of yI to coordinate
the functions fI(zI). Using
x1 ¼ pIyI  pIyIpI  pI
; x2 ¼ yI  yIpI  pI
; ð15Þ
we have expression from (3) and (5)
BTuðyÞ ¼ BT~e1x1 þ BT~e2x2 ¼ 
c1y1 þ d1y1
c2y2 þ d2y2
c3y3 þ d3y3
c4y4 þ d4y4
0BBB@
1CCCA ð16Þ
and so obtain a decoupled form of the conditions (13):
fþ ¼ f þ
c1y1 þ d1y1
c2y2 þ d2y2
c3y3 þ d3y3
c4y4 þ d4y4
0BBB@
1CCCA; y 2 C: ð17Þ
Utilizing the following Lemma (Henrici, 1986; Ablowitz and Fokas,
2003): Let C be a simple, closed, regular, positively oriented curve
enclosing the origin, and let b(t) (t 2 C) be a Hölder continuous
function (namely for t, s 2 C satisfying jb(t)  b(s)j 6 Cjt  sja,
C > 0, a 2 (0,1]) on C, the degenerated Privalov (or Riemann–Hil-
bert) problem f+(t) = f(t) + b(t) has the general solution
f ðzÞ ¼ 1
2pi
I
C
bðtÞ
t  z dt; ð18Þ
the jumping relations (17) over the boundary
CI ¼: fyI ¼ x1 þ pIx2jy ¼ x1 þ ix2 2 Cg; I ¼ 1;2;3;4; ð19Þ
directly yield
fIðzIÞ ¼ 12pi
I
CI
cIyI þ dIyI
yI  zI
dyI
¼ cIzIvx þ dI2pi
I
C
yI
yI  zI
dyI; I ¼ 1;2;3;4; ð20Þ
where vx is the characteristic function of x that equals to 1 or 0
according as z is an inner or outer point of x. Note that Ru (2000)
obtained the decoupled relation (17) but he did not provide the
compact integral expression (20). The connection between (20)
and the solution based Green’s function method is given in Appen-
dix B.
Then the generalized strain and stress components are then gi-
ven by
u;1 ¼ 2Re½Af 0; u;2 ¼ 2Re½Ahpif 0; ð21Þ
r2 ¼ 2Re½Bf 0; r1 ¼ 2Re½Bhpif 0; ð22Þwhere
f 0I ðzIÞ ¼ cIvx þ
dI
2pi
I
C
yI
ðyI  zIÞ2
dyI ¼ cIvx þ dIgðpI; zIÞ;
I ¼ 1;2;3;4 ð23Þ
with
gðpI; zIÞ ¼
1
2pi
I
C
dyI
yI  zI
: ð24Þ
Sometimes, it is convenient to write g(pI ;zI) as gðpI; z;zÞwhich takes
the form
gðpI; z;zÞ ¼
1
2pi
I
C
ð1þ ipIÞdyþ ð1 ipIÞdy
ð1 ipIÞðy zÞ þ ð1þ ipIÞðy zÞ
: ð25Þ2.2. General expressions of Eshelby’s tensor in piezoelectric inclusion
problem
In this subsection, summation convention for repeated indices
does not apply. From (16) and (23), we know that
f 0I ðzIÞ ¼ 
X
K;p
BKI~eKpFIpðzIÞ ð26Þ
in which
FI1ðzIÞ ¼ pIgðpI; zIÞ  pIv
x
pI  pI
; FI2ðzIÞ ¼ v
x  gðpI; zIÞ
pI  pI
: ð27Þ
Substituting (26) and (5) into (132) results in
eIj ¼ 
X
L;M;N;K;p
RefðAIMBLMKLj þ KLIBLMAjMÞB12MBKMLKNFMpðzMÞgeNp;
ð28Þ
from which we deduce the Eshelby’s tensor Rx deﬁned by
eIj ¼ RxIjNpeNp as
RxIjNp ¼ Re
X
L;M;K
ðAIMBLMKLj þ KLIBLMAjMÞB12MBKMLKNFMpðzMÞ
( )
:
ð29Þ
Similarly, Substituting (26) and (5) into (129) gives
rIj ¼ 2
X
M;N;K;p
Re BIMB
1
2MBKMLKNFMpðzMÞBjM
n o
eNp; ð30Þ
which delivers the eigenstiffness tensor Xx: rIj ¼ XxIjNpeNp as
XxIjNp ¼ 2Re
X
M;K
BIMB
1
2MBKMLKNFMpðzMÞBjM
( )
: ð31Þ
Recall that the eigenstiffness tensor rather than Eshelby’s tensor is
directly involved in various micromechanics schemes for compos-
ites of inclusion-matrix types (cf. Zheng and Du, 2001; Zheng
et al., 2006). Here, we can see that the formula for the eigenstiffness
tensor Xx is more compact than that for Eshelby’s tensor Rx.
2.3. Average of the eigenfunctions
Utilzing the formula (cf. Lavrentieff and Shabat, 2002)
1
2i
I
C
xðs; sÞds ¼
Z
x
@xðx; xÞ
@x
dx; ð32Þ
we can calculate the average of g over the inclusion x by
g^ðpIÞ ¼: hgðpI; zIÞi ¼
i
2pðpI  pIÞjxj
I
C
I
C
yI  zI
yI  zI
dyIdzI ð33Þ
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g^ðpIÞ ¼: hgðpI; z;zÞi ¼
1þ ipI
4pð1þ ipIÞjxj
I
C
I
C
 ln 1þ I
y z
y z
 	
ðdyþ IdyÞdz; ð34Þ
where jxj stands for the area of the inclusion and
I ¼ 1þ ipI1 ipI
: ð35Þ
So, the average of f 0I ðzIÞ is determined by
f 0I ðzIÞ

  ¼ cI þ dIg^ðpIÞ; I ¼ 1;2;3;4: ð36Þ
A similar derivation can be done for the average Eshelby’s tensor bRx
and the average eigenstiffness tensor bXx.
3. Analytical solutions for polygonal inclusions
In the following of this paper, we ascribe the solution of Eshel-
by’s problem to the undetermined function g(pI;zI) (or gðpI; z;zÞ)
and its average g^ðpIÞ. As the formulae (24), (25), (33) and (34)
show, the solution must be form invariant with respect to a given
pI. Therefore, we will use an universal parameter p instead of pI,
and all variables dependent on p are indicated implicitly, say
y,z,s, . . ., which can be used for any pI by replacing p by pI in a
group.
3.1. General solution
Let x be an arbitrary polygonal inclusion with the boundary
consisting of N rectilineal sides @x(k) with k = 1,2, . . . ,N. As illus-
trated in Fig. 2, denoting by y(k) and y(k+1) the two end points of
the kth side @x(k), we can parameterize all points of this side in
the following form
y ¼ yðkÞ þ ½yðkþ1Þ  yðkÞt; ð0 6 t 6 1Þ: ð37Þ
Then, it followsZ
@xðkÞ
dy
y z ¼
Z 1
0
sðkÞdt
wðkÞ þ sðkÞt ¼
sðkÞ
sðkÞ
ln
wðkþ1Þ
wðkÞ
; ð38Þ
wherew(k) ¼: y(k)  z, s(k) ¼: y(k+1)  y(k) = w(k+1) w(k) and lnz ¼: lnjzj
+ iarg(z) with p < arg(z) < p (Zill and Shanahan, 2003). We sum
the integrals of all sides to obtain the explicit expression of the gen-
eral solution (24) as follows:
gðzÞ ¼ 1
2pi
XN
k¼1
sðkÞ
sðkÞ
ln
wðkþ1Þ
wðkÞ
: ð39Þ
Care must be taken in using these solutions in which the logarith-
mic terms cannot be in general combined freely. To be able to oper-
ate the terms freely, the arguments h(k) of w(k) need to be prescribed
as follows. Referring to Fig. 2, we ﬁrst assign the range of h(1) to be
(p,p]. If the direction of w(2) is counter-clockwise/clockwise ro-
tated from the direction of w(1) through an angle less than p, then1
yN
y1
y2
yN-1
y3
N
2
3
N-1
i1
i2
O
x
zN
zN-1
z2z3
z1 2
yN
y1
y2
yN-1
y3
3
N-1
i1
i2
O x
zN-1
z2
z3
z1
1
zN
N
Fig. 2. Prescriptions of arguments.we assign h(2) to be larger/smaller than h(1). Analogously, we assign
h(k+1) to be larger/smaller than h(k) when the counter-clockwise/
clockwise rotation from the direction of w(k) to that of w(k+1) is an
angle less than p. For a simply connected polygonal inclusion with
N sides, the complex point w(N+1) can be superposed with w(1) but
should possess argument 2p + arg(w(1)) if z is an interior point.
The ranges of /(k) are deﬁnite in the same way, which will be crucial
in calculating the average Eshelby tensor. By virtue of these pre-
scriptions and the foregoing discussion, the general solutions can
be written as
gðzÞ ¼ 1
2pi
XN
k¼1
ei2/ðkÞ ln
Rðkþ1Þ
RðkÞ
þ i½hðkþ1Þ  hðkÞ
 
; ð40Þ
where R(k), L(k) and h(k), /(k) are the norms and arguments of w(k) and
s(k) speciﬁed through
wðkÞ ¼ RðkÞeihðkÞ ; sðkÞ ¼ LðkÞei/ðkÞ : ð41Þ
Compared with the expressions of solutions established by Pan
(2004) for polygonal inclusions, the formulas (39) or (40) together
with (21) and (22) are much simpler and much more compact.
3.2. Solutions for special polygonal inclusions
3.2.1. Rectangle
Consider a rectangular inclusion of size 2a  2b with aP b.
Since Eshelby’s tensor is size-independent, without loss of general-
ity we pose a = 1 and set the associated side to be parallel to the
basis vector i1. As C illustrated in Fig. 3, we can specify the four
vertices of C⁄ by
yð1Þ ¼ 1 p tanu; yð2Þ ¼ 1þ p tanu; yð3Þ ¼ 1þ p tanu;
yð4Þ ¼ 1 p tanu ð42Þ
with u ¼: arctan(b), and introduce the local geometric parameters
a1 ¼  argwð1Þ; a2 ¼ argwð2Þ; a3 ¼ p argwð3Þ;
a4 ¼ pþ argwð4Þ; ð43Þ
so that angles ai belong to 0; p2
 
for all interior points. Substituting
(42) into (40) gives
sð1Þ ¼ 2p tanu; sð2Þ ¼ 2; sð3Þ ¼ 2p tanu; sð4Þ ¼ 2:
Correspondingly,
gðzÞ ¼ 1
2p
p
p
 1
 	
ða1 þ a2 þ a3 þ a4  2pÞ þ i lnRð1ÞRð3ÞRð2ÞRð4Þ
 
; ð44Þ
where vx(x) is the characteristic function of x. The solutions (44)
are applicable for both interior and exterior points. Besides, substi-
tuting (42) into (39), the solution for the function can be expressed
in an alternative way:
gðzÞ ¼ vx þ 1
2pi
p
p
 1
 	
ln
ð1þ p tanuÞ2  z2
ð1 p tanuÞ2  z2
þ 2piIdvx
" #
; ð45Þ
where the indicator function is deﬁned byz
O
b
a
Fig. 3. Parameters of rectangle.
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1; if Im ln 1þp tanuz1p tanuzþ ln 1þp tanuþz1p tanuþz
 
> p;
0; else:
(
ð46Þ
Of particular interest is a square-shaped inclusion. By posing u = p/
4 in (45), it follows that
gðzÞ ¼ vx þ 1
2pi
p
p
 1
 	
ln
ð1þ pÞ2  z2
ð1 pÞ2  z2  2piIdv
x
" #
: ð47Þ
At the center of the inclusion, z = 0, the value _f ð0Þ is evaluated by
gð0Þ ¼ 1þ 1pi
p
p
 1
 	
ln
1þ p
1 p : ð48Þ3.2.2. Regular polygonal inclusions
Consider an N-fold (NP 3) regular polygonal inclusion in-
scribed into a unit circle with the following vertices
yðkÞ ¼ cos k
1
2
 	
hþ p sin k 1
2
 	
h; k ¼ 1;2; . . . ;N; ð49Þ
where h ¼ 2pN . Substituting (49) and sðkÞ ¼ cos kþ 12
 
h
cos k 12
 
hþ p sin kþ 12
 
h sin k 12
 
h
 
into (39), we obtain
gðzÞ ¼ 1
2pi
XN
k¼1
tan kh p
tan kh p ln
cos kþ 12
 
hþ p sin kþ 12
 
h z
cos k 12
 
hþ p sin k 12
 
h z : ð50Þ
For a square-shaped inclusion, k = 4 and h = p/4, it follows the same
result as (48).
3.3. Average over the inclusion
For an arbitrary polygonal inclusion, a point z on the jth side and
a point y on the kth side can be parametrized by
z ¼ yðjÞ þ sðjÞs; y ¼ yðkÞ þ sðkÞt with s; t 2 ½0;1; ð51Þ
so that
w ¼ y z ¼ sðj;kÞ þ sðkÞt  sðjÞs: ð52Þ
Above, use is made of the notation
sðj;kÞ ¼ yðkÞ  yðjÞ; sðjÞ ¼ sðj;jþ1Þ: ð53Þ
Then, starting from (33) and after making some calculations, we can
obtain the following formula:
g^ðpÞ ¼  1
2piðp pÞjxj
X
j
sðjÞ2 þ
X
j–k
ei2/ðjÞ þ ei2/ðkÞ
2
þ CðjkÞ
 
sðjÞsðkÞ
( )
;
ð54Þ
where the expression of C(jk) is symmetric in j and k, and takes on
the following forms:
CðjkÞ ¼ e
i2/ðkÞ  ei2/ðjÞ
2
sðkÞ
sðjÞ
ln
sðj;kþ1Þ
sðkÞ
þ sðjÞ
sðkÞ
ln
sðjÞ
sðj;kþ1Þ
 	
; ð55Þ
if k = j + 1, and
CðjkÞ ¼
sðj;kÞ  12 ðei2/ðjÞ þ ei2/ðkÞ Þsðj;kÞ
sðjÞsðkÞ
sðj;kÞ ln
sðj;kþ1Þsðjþ1;kÞ
sðj;kÞsðjþ1;kþ1Þ
þ sðj;kþ1Þ 
1
2 ðei2/ðjÞ þ ei2/ðkÞ Þsðj;kþ1Þ
sðjÞ
ln
sðj;kþ1Þ
sðjþ1;kþ1Þ
þ sðjþ1;kÞ 
1
2 ðei2/ðjÞ þ ei2/ðkÞ Þsðjþ1;kÞ
sðkÞ
ln
sðjþ1;kþ1Þ
sðjþ1;kÞ
þ e
i2/ðkÞ  ei2/ðjÞ
2
sðj;kÞ
1
sðjÞ
ln
sðj;kþ1Þ
sðjþ1;kþ1Þ
þ 1
sðkÞ
ln
sðjþ1;kÞ
sðjþ1;kþ1Þ
 	
ð56Þif k > j + 1. Remark that, in the foregoing formulae, when j (or k) is
equal to N, we have to set j + 1 = 1 (or k + 1 = 1).
For a rectangular inclusion with tanu > 0 and j xj = 4tanu, we
have
g^ðpÞ ¼1 p p
pip
ln
1þ p tanu
1 p tanuþ
1
2p tanu
lnð1 p2 tan2uÞ

þ p tanu
2
ln
1 p2 tan2u
p2 tan2u

: ð57Þ4. Analytical solutions of smooth inclusions
4.1. Inclusions described by the Laurent polynomials
4.1.1. General solution
By the Riemann mapping theorem (Henrici, 1986), the shape of
any given inclusion x can be approached by the Laurent polyno-
mial of w:
yðwÞ ¼ f0 þ R wþ
XN
k¼1
bkwk
 !
; jwj ¼ 1; ð58Þ
where R > 0 and f0 is a unique inner point of the domainx bounded
by C. The parameters R and f0 characterize the ‘‘size’’ and ‘‘center’’
of x. For Eshelby’s inclusion problems, without loss of generality
we can shift and zoom x and set the parameters R and f0 to be
f0 = 0 and R = 1. Some useful information on the shape expression
(58) can be found in Zou et al. (2010a).
It is easy to verify that jj ¼ 1þip1ip
  < 1 when Imp is positive.
Then, starting from (25) and using  yzyz
  ¼ jj < 1, we can derive
gðp; z;zÞ ¼ 1 ip
1 ipþ
2Im p
ð1 ipÞ2
X1
k¼1
ðÞk1Jk ð59Þ
with
Jk ¼
1
2pi
I
C
y z
y z
 	k dy
y z : ð60Þ
If z is an interior point of the inclusion, the precondition of (58) as a
meromorphic and one-to-one mapping from the exterior of a unit
disk to the exterior of a simple-connected domain guarantees that
w1(y(w)  z) is non-zero outside the unit disk (or the origin after
mapping must belong to the inside of the inclusion) (Henrici,
1986). In other words, 1 zw1 þPNk¼1bkwk1 1 can be ex-
panded with powers of w1.
For an ellipse with y(w) = w + b1w1 with jb1j 6 1, using
sh ¼:
y z
y z ¼
w1 þ b1w z
wþ b1w1  z
¼ w
1 þ b1w z
w
1þ
X1
k¼1
zw1  b1w2
 k" #
; ð61Þ
direct calculations yield
Jk ¼ b1k; k ¼ 1;2; . . . : ð62Þ
Substituting (62) into (59) brings forth the result
gðp; z;zÞ ¼ 1 ipþ ð1þ ipÞb1
1 ipþ ð1þ ipÞb1
; ð63Þ
which coincides with that of Ru (2000).
Unfortunately, the above simpliﬁcation process cannot be ex-
tended to shapes other than ellipse. For example, for the inclusion
described by y(w) = w + b1w1 + b3w3 with jwj = 1, we have
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J2 ¼ 6b3zzþ 3b32z4 þ 6b3ð2b1  3b3b1Þz2 þ 2b3ð1 4b1b1  3b3b3Þ þ 9b32b21 þ b12 ;
  
9>=>;:
ð64Þ
This is much more complicate compared with (62), and there is no
compact form like (63). For the inclusion given by
y(w) = w + b1w1 + bnwn with jwj = 1, the integral Jk can be calcu-
lated by
Jk ¼
1
½kðn 1Þ!
dkðn1ÞPkðwÞ
dwkðn1Þ

w¼0
; ð65Þ
where
PkðwÞ ¼ðbn þ b1wn1  zwn þwnþ1Þk 1 b1w2  nbnwnþ1
 
1þ
Xkðn1Þ
m¼1
zw b1w2  bnwnþ1
 m" #kþ1
: ð66Þ
The explicit solutions for more complex inclusions can be also
obtained.
4.1.2. Average over the inclusion
From (34), and the property jj < 1, we can obtain
g^ðpÞ ¼ 1þ ip
1 ip þ
X1
k¼1
1þ kþ 1
k

 	
k1Tk
" #
; ð67Þ
where Tk is deﬁned by
Tk ¼ 14pjxj
I
C
I
C
y z
y z
 	k
dydz ð68Þ
and
H
C
H
C
yz
yz dydz ¼ 4px;
H
C
yz
yz
 kþ1
dy ¼ kþ1k
H
C
yz
yz
 k
dy are used.
The basic technique used to work out Tk was presented in Appendix
A of Zou et al. (2010a). For example, if the shape is deﬁned by
y(w) = w + b1w1 + bnwn with jwj = 1, the integral Tk can be calcu-
lated by
Tk ¼ p½kðn 1Þ þ n!½kðn 1Þ þ 1!jxj
d2kðn1Þþnþ1Pkðu;vÞ
dukðn1Þþndvkðn1Þþ1

u¼0;v¼0
;
ð69Þ
where the area jxj is equal to pð1 b1b1  nbnbnÞ and the polyno-
mial Pk(u,v) of u and v is deﬁned by
Pðu;vÞ ¼ukðn1Þvkðn1Þ uv þ b1 þ bn
Xn1
m¼0
umþ1nvm
 !k
unþ1  b1un1  nbn
 
1 b1v2  nbnvnþ1
 
1þ
Xkðn1Þþn
l¼1
b1uv þ bnunvn
Xn1
m¼0
umþ1nvm
 !l24 35k: ð70Þ
The solutions similar to (69) and (70) can be obtained for inclusions
of more general shapes.
4.2. Inclusions whose boundaries can be described as Jordan’s curves
Let C be a simple closed curve, called a Jordan curve, composed
of straight line segments and circular arcs which are one by one
smoothly connected, say, ðyð1Þyð2Þ; dyð2Þyð3Þ ; . . . ; yð2M1Þyð2MÞ; dyð2MÞyð1Þ Þ,
where y(1),y(2), . . . ,y(2M) are N(=2M) end points. The phase angles
of straight line segments as prescribed in Section 4.2.1 are /(K)
satisfying
yð2KÞ  yð2K1Þ ¼ LðKÞei/ðKÞ ; K ¼ 1; . . . ;M; ð71Þthe centers of circular arcs are
cðKÞ ¼ yð2KÞ þ rðKÞei /ðKÞþ
p
2ð Þ ¼ yð2KÞ  ei/ðKÞ
yð2Kþ1Þ  yð2KÞ
ei/ðKþ1Þ  ei/ðKÞ ; ð72Þ
where rðKÞ ¼ i yð2Kþ1Þyð2KÞ
e
i/ðKþ1Þ ei/ðKÞ are the signed arc radii, namely
rðKÞ > 0; if /ðKþ1Þ > /ðKÞ;
rðKÞ < 0; if /ðKþ1Þ < /ðKÞ:
)
A Jordan curve with 2M segments can be constructed by smoothing
a M-sided polygon. Suppose that the vertices of the polygon are
V ðKÞ ¼ yð2KÞ þ tðKÞei/ðKÞ ¼ yð2KÞ þ ei/ðKÞ
yð2Kþ1Þ  yð2KÞ
ei/ðKþ1Þ þ ei/ðKÞ ; ð73Þ
where t(K)(>0) are distances between V(K+1) and y(2K) or y(2K+1). Let-
ting the vertices V(K) and the arc radii r(K) be given, then y(2K),
y(2K+1), and t(K) can be calculated from
yð2KÞ ¼ V ðKþ1Þ þ irðKÞei/ðKÞ e
i/ðKþ1Þ ei/ðKÞ
e
i/ðKþ1Þ þei/ðKÞ ¼ V ðKþ1Þ  rðKÞe
i/ðKÞ tan /ðKþ1Þ/ðKÞ2 ;
yð2Kþ1Þ ¼ V ðKþ1Þ  irðKÞei/ðKþ1Þ e
i/ðKþ1Þ ei/ðKÞ
e
i/ðKþ1Þ þei/ðKÞ ¼ V ðKþ1Þ þ rðKÞe
i/ðKþ1Þ tan /ðKþ1Þ/ðKÞ2 ;
9=;
ð74Þ
tðKÞ ¼
yð2Kþ1Þ  yð2KÞ
ei/ðKþ1Þ þ ei/ðKÞ ¼ rðKÞ tanð/ðKþ1Þ  /ðKÞÞ: ð75Þ
It is natural that the inequality
tðKÞ þ tðK1Þ 6 jV ðKþ1Þ  V ðKÞj ð76Þ
is required to hold for all K. When the radii of arcs are taken to be
constant, say jr(K)j = r, the above relation yields
r 6 min jV ðKþ1Þ  V ðKÞj
tan /ðKþ1Þ/ðKÞ2
 þ tan /ðKÞ/ðK1Þ2  ; k ¼ 1;2; . . . ;n
8<:
9=;: ð77Þ
For points inside an arc, the inequality
arg
wð2Kþ1Þ
wð2KÞ
<
/ðKþ1Þ  /ðKÞ
2
 p
with w(k) ¼: y(k)  z must be satisﬁed.
It is convenient to use the arc length coordinate to label the
points on C. Letting the arc length coordinate of end y(J) be l(J),
the arc length coordinate of point y between two ends y(J), y(J+1)
is calculated by
l ¼
lðJÞ þ rðKÞ argðy cðKÞÞ  /ðKÞ þ p2
 
; if J ¼ 2K;
lðJÞ þ jy yðJÞj; if J ¼ 2K  1:
8><>: ð78Þ
Inversely, a point with arc length coordinate s has the following
Cartesian coordinate:
y ¼ cðKÞ þ rðKÞe
i /ðKÞp2þ
llðJÞ
r
 
¼ cðKÞ þ rf; if J ¼ 2K;
yðJÞ þ sðKÞjsðKÞ j ðl lðJÞÞ; if J ¼ 2K  1:
8><>: ð79Þ
After the foregoing preparations, we can now calculate the integral
(24) of arc @x(2K) throughZ
@xð2KÞ
dy
w
¼
Z
@xð2KÞ
1þip
2 dyþ 1ip2 dy
1ip
2 ðy zÞ þ 1þip2 ðy zÞ
¼
Z
@xð2KÞ
1þip
2  1ip2 1þip1ip
 
dyþ 1ip1ip 1ip2 dyþ 1þip2 dy
 
1ip
2 ðy zÞ þ 1þip2 ðy zÞ
¼ 1 ip
1 ip ln
wð2Kþ1Þ
wð2KÞ
þ 2pi rðKÞjrðKÞjv
1
K
 	
 2i p p
ð1 ipÞ2
H ð80Þ
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p
2ð Þ; fKþ1 ¼ ei /ðKþ1Þ
p
2ð Þ,
k ¼ cðKÞ  z
rðKÞ
þ  cðKÞ  z
rðKÞ
¼: 2
1 ip
cðKÞ  z
rðKÞ
ð81Þ
and the undetermined integral deﬁned by
H ¼
Z fKþ1
fK
df1
f1 þ kþ f ð82Þ
has branches
H ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4 k
2  
q
þ k2
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4 k
2  
q ln fþ 12 k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4 k
2  
q
f
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4 k
2  
q
 k2
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4 k
2  
q
 ln
fþ 12 kþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4 k
2  
q
f
; ð83Þ
if – 0, and
H ¼
1
k2
ln ffþkþ 1kf ; if k–0;
1
2f2
; if k ¼ 0:
(
ð84Þ
if  = 0. Combining (80)–(83) with the known integral of a straight
segment
g2K1ðp; zÞ ¼
1
2pi
XN
K¼1
sðKÞ
sðKÞ
ln
wð2KÞ
wð2K1Þ
; ð85Þ
we can rearrange the eigenfunction solution as
gðzÞ ¼ vx þ
XN
K¼1
sðKÞ  sðKÞ
2pisðKÞ
ln
wð2KÞ
wð2K1Þ
þ 1
2pi I
_
K
 	
; ð86Þ
where the property
1
2pi
XN
K¼1
ln
wð2KÞ
wð2K1Þ
þ lnwð2Kþ1Þ
wð2KÞ
 	
¼ vx ð87Þ
is used and the integral I_K herein is speciﬁed in the following.
Introducing the notation
hðKÞ ¼ cðKÞ  z 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðcðKÞ  zÞ2  ð1þ p2Þr2ðKÞ
q
; ð88Þ
qðKÞ ¼
cðKÞ  zﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðcðKÞ  zÞ2  ð1þ p2Þr2ðKÞ
q ; ð89Þ
the integral I_K can be expressed as follows: (i) if  = 0, then
I_K ¼
r2ðKÞ
cðKÞzð Þ2 ln
yð2Kþ1Þz
yð2KÞz  i /ðKþ1Þ  /ðKÞ  2p
rðKÞ
jrðKÞ jv
1
K
 h i
þ irðKÞcðKÞz ðe
i/ðKþ1Þ  ei/ðKÞ Þ; if k–0;
 12 ðei2/ðKþ1Þ  ei2/ðKÞ Þ; if k ¼ 0;
8>>><>>>:
ð90Þ
(ii) if – 0, then
I_K ¼
p p
ið1þ p2Þ ð1þ qðKÞÞ
 lnhðKÞ  ið1 ipÞrðKÞe
i/ðKþ1Þ
hðKÞ  ið1 ipÞrðKÞei/ðKÞ
 ið/ðKþ1Þ  /ðKÞ  2pv2kÞ
" #
þ p p
ið1þ p2Þ ð1 qðKÞÞ
 lnhðKÞ  ið1 ipÞrðKÞe
i/ðKþ1Þ
hðKÞ  ið1 ipÞrðKÞei/ðKÞ
 i /ðKþ1Þ  /ðKÞ  2pv3K
 " #
 2piðp pÞ
1þ p2 1
rðKÞ
jrðKÞj
 	
v4K ð91Þor equivalently
I_K ¼
p p
ið1þ p2Þ ln
yIð2Kþ1Þ  zI
yIð2KÞ  zI
 i /ðKþ1Þ  /ðKÞ  2p
rðKÞ
jrðKÞjv
1
k
 	"
þ2piqðKÞ v2K  v3K
 i
þ p p
ið1þ p2Þ qðKÞ ln
hðKÞ  ið1 ipÞrðKÞei/ðKþ1Þ
hðKÞ  ið1 ipÞrðKÞei/ðKÞ
"
 lnhðKÞ  ið1 ipÞrðKÞe
i/ðKþ1Þ
hðKÞ  ið1 ipÞrðKÞei/ðKÞ
#
; ð92Þ
where the indicator functions v1K ;v2K ;v3K and v4K are deﬁned by
v1K ¼
1; if
arg yð2Kþ1Þzyð2KÞz <
/ðKþ1Þ/ðKÞ2p
2 with rðKÞ > 0;
arg yð2Kþ1Þzyð2KÞz >
/ðKþ1Þ/ðKÞþ2p
2 with rðKÞ < 0;
8<:
0; else;
8>><>>: ð93Þv2K ¼
1; if arg hðKÞið1ipÞrðKÞe
i/ðKþ1Þ
hðKÞið1ipÞrðKÞei/ðKÞ
< 0 with cðKÞzrðKÞ
  < 1;
0; else;
8<: ð94Þ
v3K ¼
1; if arg hðKÞið1ipÞrðKÞe
i/ðKþ1Þ
hðKÞið1ipÞrðKÞei/ðKÞ
< 0 with cðKÞzrðKÞ
  < 1;
0; else;
8<: ð95Þ
v4K ¼
1; if cðKÞzrðKÞ
  < 1;
0; else:
(
ð96Þ
The singularity analysis of the function g(z) of a Jordan curve around
the end point y(J) is very complicate, but direct numerical calcula-
tions show that, other than the logarithmic singularity of polygon
around its vertices, there is no longer singularity at the boundary
of an inclusion whose boundary corresponds to a Jordan curve.
5. Numerical examples: certiﬁcation and comparison
In two-dimensional anisotropic piezoelectric Eshelby’s prob-
lems, the choice of reference plane gives diffenent set of {pI} ,
and for a given p from {pI} , the effect of the shape of the inclusion
is determined only by the function g(pI;zI) . In this section, we
choose piezoelectric GaAs (110), which is the same as in Pan
(2004), to numerically illustrate our analytical results for inclu-
sions of different shapes. First, by approaching an elliptical inclu-
sion by a N-sided equilateral polygonal inclusion, we verify the
solution calculated by (39) converging to that of (63), and using
the same conﬁguration considering the connection proved in
Appendix B, we have found that the disturbances of dimensionless
stresses and electric displacements calculated from (39) coinciding
with those listed in Table 1 and 2 of Pan (2004).
5.1. Parameters in the extended Stroh formalism
With the properties of piezoelectric GaAs (110) (cf. Pan,
2002a,b,c, 2004; Pan et al., 2005), we calculate the eigenvalues
{pI} from (124) and corresponding parameters {I} as:
fpIg ¼ f0:3812þ 1:5815i;0:3104þ 1:0598i;0:01096
þ 0:9961i;0:08173þ 0:5851ig; ð97Þ
fIg ¼ f0:2418 0:1120i;0:05059þ 0:1431i;0:001924
 0:005501i;0:2584þ 0:06489ig:
The biggest module of {I} is 0.26645. Note that {I} are completely
dependent on the material properties on the reference plane. In
general, the more isotropic the material properties on the reference
plane are, the smaller the biggest module of {I} is.
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Stroh formalism, which apprear for instance in expressions (120)
and (129), (132), can be calculated simultaneously from (124).
5.2. Validity of the solution for inclusions characterized by the Laurent
polynomial
In order to verify the validity of the expansion formulae (59)
and (67) for inclusions of shapes characterized by Laurent polyno-
mials, we consider an inclusion whose shape is described by
yðwÞ ¼ w 1
6
w3 þ 1
56
w7; jwj ¼ 1; ð98Þ
which can be used to model a ‘‘square’’ shape (Kachanov et al.,
1994) centered at the origin. As shown in Fig. 4(a), the area of it is
jxj ¼ pð1 3b3b3  7b7b7Þ ¼ 12291344p; ð99Þ
which results in an equivalent side length
a ¼
ﬃﬃﬃﬃﬃﬃﬃ
jxj
p
’ 1:695: ð100Þ
We calculate the integrals Jk(z) in (65) at ﬁve interior points along
the diagonal of the square, namely z = (0,0), (0.2,0.2), (0.4,0.4),
(0.6,0.6), (0.8,0.8) and Tk in (69). Then utilizing eigenvalue p with
the biggest  to test the convergence of the expansions (59) of
gðp; z;zÞ and (67) of g^ðpÞ due to different truncations, the results
listed in Table 1. They show a very quick convergence with k.
These calculations tell us that the convergence of expansions
(59) and (67) is mainly controlled by the small parameters . The
biggest value of  we have studied is 0.354 for a left-hand quartz
material (Pan, 2002c). For present example, six order truction of
gðp; z;zÞ and g^ðpÞ are exactly enough. For other cases, a truncation
of order less than ten would be good enough, if the corresponding
maximal small parameter is less than 0.5.
5.3. Solutions of a square-shaped inclusion described in different ways
Now we test and compare the results for a square-shaped inclu-
sion described by a Laurent polynomial, a polygon, and a Jordan
curve, as shown in Fig. 4. The arc radius of the Jordan curve
(Fig. 4(c)) are choosed to be the same, namely r ¼ a20. Taking the
eigenvalue to be
p ¼ 0:3812þ 1:5815i;
we calculate the values of gðp; z;zÞ along the diagonal and g^ðpÞ by
the general formulae (39) and (54) for the polygonal inclusion,
and the formulae (59), (67) for the Laurent polynomial. The ﬁeld
values gðp; z;zÞ of the Jordan curve are calculated from (86). The re-
sults of gðp; z;zÞ at ﬁve points and g^ðpÞ are listed in Table 2, more
results of gðp; z;zÞ are shown in Fig. 5. From these results, we see
that: (i) the averages are very close to each other; (ii) the ﬁelds of
the polygon and the Jordan curve are different obviously only
around the corners; (iii) the ﬁeld of the Laurent polynomial presentsa b c
Fig. 4. Square shapes characterized by (a) Laurent polynomial, (b) polygon, (c)
Jordan curve smoothed by four arcs.a notable departure from other two ﬁelds and has a gently variance
around the corner. So it could be pointed out that the more smooth
the shape of the inclusion is, the more gently the ﬁeld inside the
inclusion is, but the average of the ﬁeld is almost invariant.
It should be noticed that the solution for the Laurent polyno-
mial has to be conﬁned to the interior of the inclusion and the diag-
onal line of the smoothing Jordan curve is shorter than that of a
real square. Besides, Fig. 5 also shows the interface jump for the
Jordan curve and the vertex singularity for the square, which will
be discussed in the next section.6. Numerical examples: ﬁelds, singularities and jumps
It is well-known that the solutions for Eshelby’s elastic polygo-
nal inclusion problems exhibit logarithmical singularity around the
vertices. This is of course also true for Eshelby’s piezoelectric ones.
The logarithmical singularity of a special ﬁeld, say, the strain ﬁeld
e, inside a polygonal inclusion depends on many factors, such as
the material properties relative to the reference plane, the inclu-
sion orientation, and the eigenstrains under consideration. But
the key to work out the stress and strain ﬁelds is the complex
eigenfunctions or equivalently the functions g(p ;z) which depends
almost only on the shape of the inclusion, while other factors just
redistribute them in an interleaved way. In this section, as an
example, we consider the ﬁeld g(p ;z) for a regular crux inclusion
and discuss its singularities and jumps.
6.1. Fields and singularities of regular crux inclusion
A regular crux inclusion deﬁned by parameters a and t is shown
in Fig. 6. Here we take the half width to be a = 1 and the half-thick-
ness t = 0.3.
Using the formula (39), we calculate the functions g(p ;z) with
four different eigenvalues listed in (97) through (39). Shown in
Figs. 7, 8 are the contours of the real and image parts of g(p ;z) .
These ﬁgures show: (1) the jumps of Re[g(p ;z)] across the whole
boundary and the jumps of Im[g(p ;z)] across the vertical parts;
(2) the singularities of Im[g(p ;z)] around all vertices; (3) the differ-
ent p results in different distribution orientations. Further, it is
seen that that the span of Im[g(p ;z)] is larger than that of
Re[g(p ;z)] . This means that the maxima of Im[g(p ;z)] are more lo-
cal around the vertices and consolidate the singularities of Im
[g(p ;z)] .
Next, it seems that the ﬁelds Re[g(p ;z)] have no singularity.
Since the contours are illustrated from the values at discrete points
not on the boundary, the singularity approaching vertices must be
weakened. Using (41)1 and (39), the singularity around vertex y(k)
is determined by
gðp; zÞ  1
2pi
sðk1Þ
sðk1Þ
 sðkÞ
sðkÞ
 	
lnRðkÞ: ð101Þ
In the case of a crux inclusion, let the side @x(k1) be horizontal and
@x(k) vertical, the formula (101) becomes
gðp; zÞ  1
2pi
1 p
p
 	
lnRðkÞ ¼: a2p lnRðkÞ; ð102Þ
where a corresponding to for different p takes value from
a 2 f1:890i 0:4556;1:842iþ 0:5395;2:000i
 0:02200;1:962iþ 0:2740g: ð103Þ
It is observed that the singularity coefﬁcients of the image parts
are larger than those of the real parts. For example, Fig. 9 illustrated
the distribution of g(p ;z) along the line {l(z):x1 = x2} with
p = 1.962i + 0.2740, where both the real and image parts have
Table 1
Approximation due to different truncations.
k z= Field gðp1; z;zÞ Average g^ðp1Þ
(0,0) (0.2,0.2) (0.4,0.4) (0.6,0.6) (0.8,0.8)
– Re .1991 .1991 .1991 .1991 .1991 .1991
Im .1771 .1771 .1771 .1771 .1771 .1771
1 Re .1991 .2038 .2185 .2477 .3095 .1991
Im .1771 .1615 .1130 .01625 .1885 .1771
2 Re .2324 .2291 .2248 .2290 .2679 .1729
Im .1724 .1579 .1121 .01889 .1826 .1808
3 Re .2324 .2309 .2291 .2328 .2615 .1729
Im .1724 .1607 .1187 .02479 .1926 .1808
4 Re .2316 .2307 .2291 .2320 .2593 .1722
Im .1736 .1610 .1185 .02602 .1892 .1819
5 Re .2316 .2304 .2290 .2323 .2586 .1722
Im .1736 .1610 .1185 .02605 .1893 .1819
6 Re .2315 .2304 .2290 .2323 .2587 .1722
Im .1736 .1610 .1185 .02602 .1890 .1820
Table 2
Results of square and its smoothing with Jordan curve r ¼ a20
 
.
Shape Field gðp; z;zÞ Average g^ðpÞ
z= (0,0) (0.2,0.2) (0.4,0.4) (0.6,0.6) (0.8,0.8) –
Lau Re .2315 .2304 .2290 .2323 .2587 .1722
Im .1736 .1610 .1185 .02600 .1890 .1820
rec Re .2646 .2615 .2562 .2625 .3474 .1696
Im .1697 .1440 .05999 .1150 .6273 .1824
Jor Re .2640 .2608 .2550 .2589 .2896 –
Im .1698 .1442 .06072 .1116 .4929 –
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Fig. 5. Field distribution along the diagonal ( -square, -Jordan curve, 4-Laurent polynomial) to show the interface jump and the vertex singularity.
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easier to be concealed.6.2. Jumps across the interface
For Eshelby’s inclusion problem in isotropic elasticity, the inter-
face jump of Eshelby’s tensor was theoretically clariﬁed (from
(2.11), (2.12) of Eshelby (1957); see also Mura, 1982). For some
specially cases of polygonal inclusions, Rodin (1996) checked itagain and Nozaki et al. (2001) conﬁrmed it through investigating
the interface jump of stress between the matrix and inclusion
through numerical calculation. In comparison, the interface jump
of Eshelby’s problem in anisotropic eslasticity has been seldom
studied (Kuvshinov, 2008).
In our problem, the interface jump of g(p ;z) can be derived from
its integral formula (25). Rewrite (25) in the form
gðp; z;zÞ ¼ 1þ ip
1þ ipv
x þ p p
pð1þ ipÞ
I
C
jðy; zÞdy
y z ð104Þ
at
O
Fig. 6. Parameters of regular crux.
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jðy; zÞ ¼ 1
1 ipþ ð1þ ipÞ yzyz
: ð105Þ
Assuming that the boundary line around a boundary point b is
continuously differentiable and has a local normal nb, we can
get the interface jump of gðp; z;zÞ with the aid of the Cauchy
principal-value integral (cf. Woods, 1976). When two points ap-
proach b from two sides of the boundary, the second Plemelj for-
mula gives the jump of gðp; z;zÞ (outside values minus inside
values) as follows:
Mbg ¼ 1þ i
p
1þ ip
2iðp pÞ
1þ ip jðy! b; bÞ
¼ ð1þ ipÞnb  ð1 ipÞnbð1 ipÞnb  ð1þ ipÞnb : ð106Þ
A remarkable property of the interface jump is its unit norm for an
arbitrary boundary orientation, namely jMbgj 	 1. Specially, for a
vertical, a horizontal and a 45 degree oblique, we haveFig. 7. Real part of g(p ;z) for different p: (a) (0.3812,1.5815), (b)Mbg ¼
1; nb ¼ 
i;
 pp ; nb ¼ 
1;
i 1þipð1ipÞi1ipþð1þipÞi ; nb ¼ 
 1þiﬃﬃ2p :
8><>: ð107Þ
Taking p = 0.3812 + 1.5815i, we get Mbg = 0.1346  0.9909i for the
45 degree oblique, which has been exhibited for the solution of the
Jordan curve in Fig. 5. For horizontal boundaries, there are only con-
stant unit jumps of Re[g] ; for vertical boundaries, the jumps of g are
Mbgvertical ¼ f0:8902 0:4556i;0:8420þ 0:5395i;0:9998
 0:02200i;0:9617þ 0:2740ig ð108Þ
for different eigenvalues p in (97). These theoretical analyses are in
agreement with our numerical results shown in Fig. 7 and 8. Since
the jumps of Im[g] across the vertical boundaries are very small, it is
difﬁcult to ﬁnd them without the above theoretical analysis.
Further, denote the normal nb by ei/, under the linear
transformation
z# x1 þ px2 ¼
1 ip
2
zþ 1þ ip
2
z; ð109Þ
induced by eigenvalue p, nb will deform to be n0b (Fig. 10)
n0b ¼
1 ip
2
ei/ þ 1þ ip
2
ei/: ð110Þ
The interface jump (106) can be rewritten as
Mbg ¼ ð1þ i
pÞei/  ð1 ipÞei/
ð1 ipÞei/  ð1þ ipÞei/ ¼
n0b
n0b
; ð111Þ
which posts the geometrical meaning of (106), namely the jump Mbg
is determined by the local deformed normal vector n0b. It should be
noticed that the local deformed normal vector n0b is in general not
normal to the deformed boundary C⁄ since the linear transforma-
tion is not necessarily conformal.(0.3104,1.0598) , (c) (0.01096,0.9961) , (d) (0.08173,0.5851).
Fig. 8. Image part of g(p ;z) for different p: (a) (0.3812,1.5815), (b) (0.3104,1.0598), (c) (0.01096,0.9961), (d) (0.08173,0.5851).
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Fig. 9. Singularity approaching the vertex.
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Fig. 10. Deformation of boundary and its normal: (a) z = x1 + ix2, (b) z⁄ = x1 + px2.
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Eshelby’s problem of arbitrarily shaped inclusions in a piezo-
elastic plane has been solved under the extended Stroh formalism.The presentation of a new compact boundary integral expression
of eigenfunction make it much less difﬁcult to work out explicit
analytical solutions for various non-elliptical inclusions. The expli-
cit analytical solutions obtained for non-elliptical inclusions in
these paper uniﬁed all known results, and can be used in particular
for checking the validity of Eshelby’s equivalent inclusion idea
widely adopted in micromechanics when anisotropic materials
are concerned. The results of inclusions of smooth shape can also
serve as benchmarks of numerical study.
The methodology elaborated for solving Eshelby’s problem can
be extended to more complex coupled phenomena, such as ther-
mo-magnetoelectroelasticity. Besides, though the four eigenvalues
in the extended Stroh formalism applied to piezoelectricity are as-
sumed to be distinct in this paper, the cases where the repeated
eigenvalues appear can be also treated by using slightly perturbed
material coefﬁcients, since the resulting errors are negligible (Pan,
2004). For a strict treatment of degenerate cases, one can refer to
Guo and Zheng (2003).
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nos. 10872086, 11072105).Appendix A. Elements of the extended Stroh formalism
A.1. Equations of piezoelectric media
The basic equations for a linear piezoelectric solid are given by
rij ¼ Cijkluk;l þ ekij/;k; Dk ¼ ekijui;j  ekl/;l;
rij;j ¼ 0; Dk;k ¼ 0;

ð112Þ
where i, j, k = 1, 2, 3, repeated indices mean summation, a comma
followed by i (i = 1,2,3) stands for the partial derivative with respect
2692 W.-N. Zou et al. / International Journal of Solids and Structures 48 (2011) 2681–2694to the ith spatial coordinate, ui and / are the displacements and
electrical potential, rij and Dk are the stress and electrical displace-
ments, and Cijkl, eijk and eij are the elastic, piezoelectric and dielectric
constants, respectively. Deﬁning the extended displacement and
stress components by
uI ¼
ui; I ¼ i ¼ 1;2;3
/; I ¼ 4

;rIj ¼
rij; I ¼ i ¼ 1;2;3;
Dj; I ¼ 4;

: ð113Þ
and adopting the notation
CIjKl ¼
Cijkl; I;K ¼ i; k ¼ 1;2;3;
elij; K ¼ 4; I ¼ i ¼ 1;2;3;
ejkl; I ¼ 4;K ¼ k ¼ 1;2;3;
ejl; I ¼ K ¼ 4;
8>><>>: ð114Þ
Eq. (112) for piezoelectricity can be recast into
rIj ¼ CIjKluK;l; rIj;j ¼ 0; ð115Þ
which are reminiscent of the Hooke law and equilibrium equation
of classical elasticity.
A.2. Extended Stroh formalism
The general solution of Eq. (115) governing a generalized two-
dimensional problem where all physical quantities depend only
on x1 and x2 can be obtained according to the extended Stroh for-
malism (Lothe and Barnett, 1976; Kuo and Barnett, 1991; Suo et al.,
1992; Liang and Hwu, 1996; Ting, 1996; Tanuma, 2007). More pre-
cisely, we seek the solution of the form
u ¼ ðu1; u2;u3;/ÞT ¼ af ðx1 þ px2Þ; ð116Þ
where a is a constant four-dimensional (4D) vector, p is a complex
number, f(⁄) is an analytic function of the variable ‘⁄’ and the super-
script T denotes the transpose of a matrix or vector. Substituting
(116) into (115) will transform the problem to solve differential
equations to an algebraic one to work out quadratic eigenvalue as
follows, and the analytic functions will be determined according
to the boundary conditions. Thus, all the Eq. (115) are satisﬁed for
an arbitrary analytic function f if (see, e.g., Chung and Ting, 1996)
½Q þ pðR þ RTÞ þ p2Ta ¼ 0; ð117Þ
where the 4  4 matrix R and the 4  4 symmetric matrices Q and T
are deﬁned by
RIK ¼ CI1K2;QIK ¼ CI1K1; TIK ¼ CI2K2: ð118Þ
For the existence of a non-zero vector a, the characteristic equation
of the eigenvalue problem (117), namely
det½Q þ pðR þ RTÞ þ p2T ¼ 0; ð119Þ
must be veriﬁed. For a stable material with positive energy density,
the roots of (119) form four conjugate pairs with non-zero imagi-
nary parts (cf. Eshelby et al., 1953). Choosing four distinct roots pI
(I = 1,2,3,4) with positive imaginary parts and aI (I = 1,2,3,4) be the
associated eigenvectors, then the general solution (the generalized
displacement u and the generalized stress function w) to (115)
can be written as
u ¼ ðu1; u2;u3;/ÞT ¼ 2Re½AfðzÞ;
w ¼: ðw1;w2;w3;w4ÞT ¼ 2Re½BfðzÞ;
)
ð120Þ
where ‘‘Re’’ stands for the real part and the constant matrices A and
B are deﬁned through aI as follows:bI ¼ ðRT þ pITÞaI ¼ p1I ðQ þ pIRÞaI; I ¼ 1;2;3;4;
A ¼ ða1;a2;a3;a4Þ; B ¼ ðb1;b2;b3;b4Þ:
)
ð121Þ
In (120), the 4D vector f(z) formed by the four arbitrary analytic
functions fI(zI) (I = 1,2,3,4), i.e.,
fðzÞ ¼ ½f1ðz1Þ; f2ðz2Þ; f3ðz3Þ; f4ðz4ÞT ;
zI ¼ x1 þ pIx2; pI ¼ aI þ ibI; bI > 0; I ¼ 1;2;3;4;
)
ð122Þ
and the generalized stress function w is related to the extended
stress components by
rI1 ¼ wI;2; rI2 ¼ wI;1; I ¼ 1;2;3;4: ð123Þ
The eigenvalues pI and eigenvectors (aI, bI) depend on the general-
ized material stiffness matrix CIjKl and can be equivalently deter-
mined by the following eigenrelation (Chung and Ting, 1996):
Nn ¼ pn ð124Þ
where N is a 8  8 fundamental matrix and n is a 8  1 column vec-
tor deﬁned by
N ¼ N1 N2
N3 N
T
1
 
; n ¼ a
b
 	
ð125Þ
and
N1 ¼ T1RT ; N2 ¼ T1; N3 ¼ RT1RT  Q ; ð126Þ
with Q, R, T being three 4  4 real matrices deﬁned by (118). An-
other approach to compute the eigenvalues {pI} and eigenvectors
{aI,bI} is called the Lekhnitskii formalism (Ting, 1999, 2000a), where
the eigenvectors can be given explicitly as soon as the eigenvalues
{pI} are worked out.
A.3. Symmetric expressions
It is often useful to write the stress and strain solutions explic-
itly in a symmetric form (Mantic and Paris, 1997; Ting, 1998,
2000b). From
rI2 ¼ 2Re
X
M
BIMf 0MðzMÞ
" #
;rI1 ¼ 2Re
X
M
BIMpMf
0
MðzMÞ
" #
; ð127Þ
and
B1M ¼ pMB2M; ðno summationÞ ð128Þ
we can write
rIJ ¼ 2Re
X
M
BIMB
1
2Mf
0
MðzMÞBJM: ð129Þ
It should be noticed that (129) cannot be applied to r33, r34, r43 and
r44 since this application is either useless or meaningless.
Similarly, from
uI;1 ¼ 2Re
X
M
AIMf 0MðzMÞ
" #
;uI;2 ¼ 2Re
X
M
AIMpMf
0
MðzMÞ
" #
; ð130Þ
using the notation
B21 B11 0 0
B22 B12 0 0
B23 B13 0 0
B24 B14 0 0
0BBB@
1CCCA ¼ BT
0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0
0BBB@
1CCCA ¼ BTK ð131Þ
and the geometric relations eIJ ¼ 12 ðuI;J þ uJ;IÞ with uI,4 	 0, we can
derive that
eIJ ¼ Re
X
M
AIMB
1
2Mf
0
MðzMÞBNMKNJ þ AJMB12Mf 0MðzMÞBNMKNI
" #
: ð132Þ
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Appendix B. Connection with the solution of Pan (2004) derived
via Green’s function
The Green’s function method plays a key role in the study of
various Eshelby’s problems (Mura, 1982; Ting, 1996). This appen-
dix aims to establish a connection between (20) and the Green’s
function solution of Pan (2004).
B.1. Green’s function solution of Pan (2004)
We ﬁrst recall the solution of Pan (2004) as follows. Let uKJ ðx;XÞ
be the Kth Green’s elastic displacement/electric potential at X due
to a unit point-force/point-charge in the Jth direction applied at x.
Then, uKJ ðx;XÞ niðxÞCiJLmeLm
 
must be the elastic displacement/elec-
tric potential at X due to a face-force/face-charge along n-direction
section at x induced by the interface traction corresponding to the
generalized eigenstrain eLm. That means that the generalized dis-
placement uK(X) determined by
uKðXÞ ¼
Z
@V
uKJ ðx;XÞniðxÞCiJLmeLmdsðxÞ
¼
Z
V
uKJ;iðx;XÞCiJLmeLmdx ð133Þ
satisﬁes the ﬁeld equation
CiJKluK;li ¼ fJ ¼ CiJKleKl;i; l ¼ 1;2; J ¼ 1;2;3;4: ð134Þ
For a uniform generalized eigenstrain eLm over the inclusion x, the
equilibrium relation (134) indicates a point-force/point-charge
CiJKleKL;i along the interface C. The corresponding solutions for
the elastic strain and electric ﬁelds are
ckpðXÞ ¼
1
2
CiJLmeLm
Z
@V
ukJ;Xp ðx;XÞ þ upJ;Xkðx;XÞ
h i
niðxÞdsðxÞ; ð135Þ
EpðXÞ ¼ CiJLmeLm
Z
@V
u4J;Xp ðx;XÞniðxÞdsðxÞ: ð136Þ
Following Ting (1996), the Green’s function uKJ ðx;XÞ can be derived
as (also see Pan, 2002c)
uKJ ðy; zÞ ¼
1
p
ImfAJI lnðyI  zIÞAKIg: ð137Þ
So the induced generalized displacement uK(X) can be calculated by
uKðzÞ ¼ CiKLme

Lm
p
I
C
ImfAJI lnðyI  zIÞAKIgniðyÞdSðyÞ; ð138Þ
which is integrable for polygonal inclusions (Pan, 2004).
B.2. Connection between (20) and (138)
From (16) and the deﬁnition cIyI þ dIyI ¼ BKI~eKmym, we have
AJIfIðzIÞ ¼ AJI2pi
I
CI
cIyI þ dIyI
yI  zI
dyI
¼ AJIBKI~e

Km
2pi
I
CI
ymd lnðyI  zIÞ
¼ AJIBKI~e

Km
2pi
I
C
lnðyI  zIÞdym  AJIBKI~eKmzmvx
¼ AJIBKI
2pi
I
C
lnðyI  zIÞ ~eK2n1  ~eK1n2
 
ds
 AJIBKI~eKmzmvx: ð139ÞUsing (118) and (121)1, we get
B ¼ RTAþ TAhpi ¼ QA p1

  RA: ð140Þ
It follows that
~eT2 B ¼ ~eT2 RTAþ TAhpi
h i
¼ ~eT2 RT þ ~eT1 Q
h i
A ~eT1 QAþ ~eT2 TAhpi;
~eT1 B ¼ ~eT1 QAhp1 i þ RA
  ¼ ~eT1 R þ ~eT2 T A ~eT2 TAþ ~eT1 QA p1
 ;
(
ð141Þ
or
BKI~eK2 ¼ C1KL1~eL1 þ C1KL2~eL2
 
AKI þ TKL~eL2  p1I QKL~eL1
 
pIAKI;
BKI~eK1 ¼ C2KL1~eL1 þ C2KL2~eL2
 
AKI  TKL~eL2  p1I QKL~eL1
 
AKI:
(
ð142Þ
Combining (8) and (142) yields
BKI ~eK2n1  ~eK1n2
 
ds ¼ CiKLmAKIeLmnids
þ TKL~eL2  p1I QKL~eL1
 
AKIðpIn1ds n2dsÞ
or
BKI~eKmdym ¼ CiKLmAKIeLmnidsþ TKL~eL2  p1I QKL~eL1
 
AKIdyI: ð143Þ
Thus, the generalized displacement ﬁeld can be expressed by
uJ ¼ 2Re AJIfIðzIÞ
  ¼ 2Re AJIBKI
2pi
I
C
lnðyI  zIÞ~eKmdym  AJIBKI~eKmzmvx
 
¼ CiKLme

Lm
p
I
C
Im AJI lnðyI  zIÞAKI
 
nids
þ 1
p
I
C
Im AJI lnðyI  zIÞ TKL~eL2  p1I QKL~eL1
 
AKIdyI
  ~eJmzmvx
¼ CiKLmeLm
I
C
uJKnidS ~eJmzmvx ð144Þ
where 2Re[AJIBKI] = dJK is used. The generalized strain ﬁeld can be
written as
ejpðXÞ ¼ 12CiKLme

Lm
Z
@V
ujK;Xp ðx;XÞ þ u
p
K;Xj
ðx;XÞ
h i
niðxÞdsðxÞ  ejpvx;
ð145Þ
EpðXÞ ¼ CiKLmcLm
Z
@V
u4K;Xp ðx;XÞniðxÞdsðxÞ  Epvx: ð146Þ
This establishes the connection between Green’s function solution
and our solution.
It is interesting and useful to make two remarks. First, Green’s
function solution admits an interface jump of traction while the
Eshelby’s problem admits an interface jump of strain, which leads
to a difference related to the eigenstrain in (144)–(146). Second,
the proposition
fIðzIÞ ¼ f ðzIÞqI ð147Þ
introduced by Ting (1996) is widely used in solving Eshelby’s prob-
lem of elliptic inclusions. But, our result shows that this proposition
is incorrect for Eshelby’s problem of non-elliptic inclusions. The rea-
son for this is that, in the case of elliptic inclusions, the boundary
conditions can be satisﬁed under the proposition (147), since the
strain and stress ﬁelds in an elliptical inclusion induced by uniform
eigenstrains are uniform.
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